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Thermodynamics of quantum coherence has attracted growing attention recently, where the ther-
modynamic advantage of quantum superposition is characterized in terms of quantum thermody-
namics. We investigate thermodynamic effects of quantum coherent driving in the context of the
fluctuation theorem. We adopt a quantum-trajectory approach to investigate open quantum systems
under feedback control. In these systems, the measurement backaction in the forward process plays
a key role, and therefore the corresponding time-reversed quantum measurement and post-selection
must be considered in the backward process in sharp contrast to the classical case. The state re-
duction associated with quantum measurement, in general, creates a zero-probability region in the
space of quantum trajectories of the forward process, which causes singularly strong irreversibility
with divergent entropy production (i.e., absolute irreversibility) and hence makes the ordinary fluc-
tuation theorem break down. In the classical case, the error-free measurement ordinarily leads to
absolute irreversibility because the measurement restricts classical paths to the region compatible
with the measurement outcome. In contrast, in open quantum systems, absolute irreversibility is
suppressed even in the presence of the projective measurement due to those quantum rare events
that go through the classically forbidden region with the aid of quantum coherent driving. This
suppression of absolute irreversibility exemplifies the thermodynamic advantage of quantum coher-
ent driving. Absolute irreversibility is shown to emerge in the absence of coherent driving after the
measurement, especially in systems under time-delayed feedback control. We show that absolute
irreversibility is mitigated by increasing the duration of quantum coherent driving or decreasing the
delay time of feedback control.
I. INTRODUCTION
Nanotechnology has commanded the attention of re-
searchers to thermodynamics in micro- and nano-scale
devices. The interplay between thermodynamics and
quantum coherence has emerged as one of the central
issues in physics. The pioneering work by Scully et al.
[1] demonstrated that quantum coherence in the thermal
environment changes its effective temperature, enabling
one to extract positive work from an isothermal environ-
ment. Later on, it was shown that the efficiency of photon
quantum heat engines can be enhanced by quantum co-
herence between degenerate energy levels of atoms since
quantum coherence breaks the detailed balance [2, 3].
Furthermore, several researches have found evidence that
quantum coherence is utilized in biological processes at
room temperature [4], and, in particular, that the pho-
tosynthetic transport of excitons is boosted by the in-
terplay between quantum coherence and environmental
noise [5–8].
Meanwhile, quantum information theory has reignited
interest in the quantitative characterization of quantum
coherence. Quantum resource theory, which originates
from theory of entanglement, was applied for quantita-
tive measures of quantum coherence [9–12]. Although the
free energy corresponding to quantum coherence cannot
be converted into work under thermal operations which is
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known as work locking [13–15], we can extract work from
it by catalystically using a coherent resource [16, 17].
Thus, quantum coherence can be harnessed as a thermo-
dynamic resource with the help of quantum information
theory.
While thermal operations in resource theory are de-
fined by their mathematical properties, it is unclear how
to connect work defined in it with work measured experi-
mentally in the context of nonequilibrium statistical me-
chanics [18]. The quantum fluctuation theorem [19–28] is
expected to deepen our understanding of thermodynam-
ics of quantum coherence, yet quantum coherence does
not manifest itself in the quantum fluctuation theorem.
This is because entropy production can be defined via
the diagonal decomposition in parallel with the classical
case and consequently the quantum fluctuation theorem
assumes the same form as that of the classical one [29–
34].
The fluctuation theorem describes thermodynamics
of small systems and is intimately related to informa-
tion processing [35]. In manipulating small systems,
measurement-based feedback control, which is the mod-
ern incarnation of Maxwell’s demon [36, 37], plays a
central role, where information-theoretic quantities are
treated on an equal footing with thermodynamic quanti-
ties [37–39]. In fact, the integral fluctuation theorems in
the feedback-controlled process [40–46] and in the erasure
process [47] have been derived.
In this paper, we investigate the fluctuation theo-
rem in open quantum systems under feedback control.
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2We show that quantum coherence does change the form
of the quantum fluctuation theorem under projective-
measurement-based feedback control. In fact, quan-
tum coherent driving affects the degree of absolute ir-
reversibility of the fluctuation theorem [48–54], which
corresponds to singularly irreversible events with di-
vergent entropy production and inevitable information
loss of imperfect feedback operations. By quantum co-
herent driving, we mean that the driving Hamiltonian
has nonzero off-diagonal elements with respect to the
eigenspace of the projective measurement. Since absolute
irreversibility is suppressed by quantum coherent driving,
the second-law-like inequality associated with the fluctu-
ation theorem indicates that quantum coherent driving
is thermodynamically advantageous for work extraction
over classical driving whose Hamiltonian has only block
diagonal elements. Our result gives yet another insight
into thermodynamics of quantum coherence complemen-
tary to the previous quests to thermodynamically eval-
uate quantum coherence from the quantum-information-
theoretic viewpoints.
The technical novelty of our work is that we explic-
itly construct the backward process of the feedback-
controlled process by invoking backward measurement
and post-selection, which are not required in classical sys-
tems with no quantum backaction of the measurement.
Consequently, we can derive the fluctuation theorem with
absolute irreversibility in a concise and physically trans-
parent manner.
From a physical viewpoint, we find that quantum co-
herent driving manifests its thermodynamic effect as the
change of absolute irreversibility. While classical driving
after the projective measurement causes absolute irre-
versibility, quantum coherent driving suppresses it due
to quantum rare events, which go through classically-
prohibited paths with the assistance of quantum coher-
ence. Moreover, by inserting a delay time before quan-
tum coherent driving, we can change the degree of ab-
solute irreversibility. As the delay time decreases, the
degree of absolute irreversibility is alleviated, implying
thermodynamic advantage of quantum coherent driving.
This article is organized as follows. In Sec. II, we for-
mulate our problem of an open quantum system. The
time evolution of the system is governed by the Lind-
blad equation. We unravel the Lindblad equation into a
stochastic Schro¨dinger equation and discuss the stochas-
tic energetics of an individual quantum trajectory. More-
over, we introduce the time-reversed dynamics of this sys-
tem to derive fluctuation theorems. In Sec. III, we intro-
duce the measurement-based feedback protocol and show
that both measurement and post-selection are needed in
the backward protocol. By doing so, we realize the time-
reversed operation of the forward quantum measurement
and cancel out its backaction in the transition probabil-
ity. Then, we derive the detailed fluctuation theorem un-
der feedback control by utilizing the backward process.
In Sec. IV, we derive the fluctuation theorems in the
presence of absolute irreversibility with the help of the
time-reversed protocol. The associated inequalities give
a tighter restriction on the work extraction under feed-
back control than the second law of information ther-
modynamics. In Sec. V, we argue that quantum rare
events suppress absolute irreversibility even for a pro-
jective measurement-based feedback control. Then, we
show that absolute irreversibility emerges from incoher-
ent feedback control, especially due to the time delay
of a feedback operation. We numerically study a two-
level system under a time-delayed feedback control and
demonstrate the validity of the fluctuation theorems with
absolute irreversibility derived in Sec. IV. In Sec. VI, we
discuss a possible experimental implementation to vindi-
cate the fluctuation theorems. In Sec. VII, we conclude
this paper.
II. QUANTUM STOCHASTIC
THERMODYNAMICS
A. Lindblad equation
Recently, due to experimental advances [55–57], ther-
modynamics [58–66] and fluctuation theorems [67–71] of
open quantum systems have intensively been studied. We
consider open quantum systems coupled to an ideal envi-
ronment with inverse temperature β, and assume that the
energy levels of the system are non-degenerate. For an
appropriate separation of timescales [71], the time evo-
lution of the system can be described by the Lindblad
equation [72]:
ρ˙t = − i~ [H(λt) + ht, ρt] +
∑
k,l
D[Lkl(λt)]ρt, (1)
where λt is the control parameter and D is a super-
operator defined by D[c]ρ = cρc†−{c†c, ρ}/2. We divide
the time-dependent driving into the inclusive part H(λt)
and the exclusive part ht, so that only the former is in-
cluded in the energy of the system Et = Tr[ρtH(λt)].
The operator Lkl(λ) describes a quantum jump of the
system from the kth energy eigenstate to the lth one due
to the interaction with the environments. Then, the jump
operator Lkl(λ) satisfies [Lkl(λ), H(λ)] = ∆kl(λ)Lkl(λ),
where ∆kl(λ) = Ek(λ) − El(λ) and Ek(λ) is the kth
eigenenergy of H(λ). When the total Hamiltonian for
the composite of the system and environments is time-
reversal symmetric, the jump operator satisfies the de-
tailed balance condition
L†lk(λ) = Lkl(λ)e
−β∆kl(λ)/2. (2)
B. Energetics at the trajectory level
Here, we assume that the initial state of the system
starts from an energy eigenstate |a(λ0)〉. During 0 < t <
T , the system evolves under the dissipation due to the
3environment. At the final time t = T , we perform the
energy projective measurement and observe the energy
eigenstate |b(λT )〉.
By the interaction with the environment, the state of
the system immediately changes into a mixed state at the
ensemble level. However, by monitoring the environment
(see Sec. VI for detail), we can keep the state of the
system pure during the time evolution. In this case, the
evolution can be described by the following stochastic
Schro¨dinger equation
d|ψt〉 =
− i
~
Hefft +
1
2
∑
k,l
||Lkl(λt)|ψt〉||2
 |ψt〉dt
+
∑
k,l
[
Lkl(λt)
||Lkl(λt)|ψt〉|| − I
]
|ψt〉dNklt , (3)
where the non-Hermitian effective Hamiltonian is given
by
Hefft = H(λt) + ht −
i~
2
∑
k,l
L†kl(λt)Lkl(λt), (4)
and dNklt ’s are statistically independent Poisson incre-
ments. The expectation value of dNklt , E[dN
kl
t ] =
||Lkl(λt)|ψt〉||2dt, gives the probability of a quantum
jump at time t. The second term on the right-hand side of
Eq. (3) represents non-unitary evolution due to the mea-
surement backaction under the condition that no jump
occurs. The third term describes the state reduction due
to a quantum jump. Then, a single quantum trajectory
ψ := {|ψt〉}Tt=0 in the Hilbert space can be completely
specified by the initial and final quantum numbers and a
history of quantum jumps as
ψ ⇔ (a, (k1, l1, t1), (k2, l2, t2), · · · , (kN , lN , tN ), b), (5)
where the subset (kn, ln, tn) indicates that the nth jump
occurs at time t = tn from the knth energy eigenstate to
the lnth one.
Now we assign each trajectory ψ with stochastic ther-
modynamic quantities. The energy changes of the envi-
ronment originate from the energy transfer between the
system and the reservoir. Therefore, by summing these
changes, we can evaluate the flow of total energy from
the system to the reservoir, which we identify as heat.
Therefore, the heat flow from time t = 0 to T should be
defined by
Q[ψ] =
∑
k,l
∫ T
0
dNklt ∆kl(λt). (6)
By the first law of thermodynamics, the work performed
on the system from t = 0 to T should be identified as
W [ψ] = Eb(λT )− Ea(λ0) +
∑
j
∫ T
0
dNklt ∆kl(λt), (7)
where we note that ∆U = Eb(λT )−Ea(λ0) is the energy
difference of the system. Thus, we can formulate the
stochastic energetics for the individual quantum trajec-
tory ψ, when the system starts from and ends at energy
eigenstates.
C. Time-reversed dynamics
To derive the fluctuation theorem, it is convenient to
construct the time-reversed dynamics [30, 73]. Given a
forward protocol λt and ht, we drive the system in the
time-reversed manner according to the time-reversed pro-
tocol λ¯t = λt¯ and h¯t = Θht¯Θ
†, where t¯ = T − t and
Θ is the antiunitary time-reversal operator. Moreover,
we perform the time-reversal operation on the Hamilto-
nian and the jump operators as H¯(λ) = ΘH(λ)Θ† and
L¯kl(λ) = ΘLkl(λ)Θ
†, respectively. Consequently, we ob-
tain the following time-reversed evolution:
ρ˙revt = −
i
~
[H¯(λ¯t) + h¯t, ρ
rev
t ] +
∑
k,l
D[L¯kl(λ¯t)]ρrevt . (8)
By unravelling Eq. (8), we obtain the time-reversed
stochastic Schro¨dinger equation:
d|ψt〉rev =
− i
~
H¯efft +
1
2
∑
k,l
||L¯kl(λ¯t)|ψt〉rev||2
 |ψt〉revdt
+
∑
k,l
[
L¯kl(λ¯t)
||L¯kl(λ¯t)|ψt〉rev||
− I
]
|ψt〉revdN¯klt , (9)
where H¯efft = ΘH
eff†
t¯ Θ
† and E[dN¯klt ] =
||L¯kl(λ¯t)|ψt〉rev||2dt.
D. Fluctuation theorem
For later reference, we illustrate the essence of
the derivation of the detailed fluctuation theorem
[67, 70]. The backward trajectory ψ¯ should start
from |b¯(λ¯0)〉 = Θ|b(λT )〉, undergo quantum jumps
(k¯n, l¯n, t¯n) = (lN+1−n, kN+1−n, T − tN+1−n) and end at
|a¯(λ¯T )〉 = Θ|a(λ0)〉. The transition amplitude of the for-
ward trajectory ψ involves the following factor
U eff(tn+1, tn)Lknln(λtn), (10)
where U eff(s, t) = T exp[− i~
∫ s
t
Heffu du] and T is the
time-ordering operator. In contrast, the backward tran-
sition amplitude for ψ¯ involves the factor
L¯k¯N+1−n l¯N+1−n(λ¯t¯N+1−n)U¯
eff(t¯N+1−n, t¯N−n)
= ΘLlnkn(λtn)Θ
†T exp
[
− i
~
∫ t¯N+1−n
t¯N−n
ΘHeff†t¯ Θ
†dt¯
]
= ΘLlnkn(λtn)T¯ exp
[
i
~
∫ tn+1
tn
Heff†t dt
]
Θ†, (11)
4where U¯ eff(s, t) = T exp[− i~
∫ s
t
H¯effu du] and T¯ is the anti-
time-ordering operator. By taking the Hermitian conju-
gate of Eq. (11), we obtain ΘU eff(tn+1, tn)L
†
lnkn
(λtn)Θ
†,
which can be written from the detail balance condi-
tion (2) as
ΘU eff(tn+1, tn)Lknln(λtn)Θ
†e−β∆knln (λtn )/2. (12)
By multiplying these factors, the time-reversal operators
in the adjacent factors are canceled out. Thus, com-
paring Eqs. (10) and (12), we conclude that the ratio
of the Hermitian-conjugate backward transition ampli-
tude to the forward transition amplitude is given by
exp[−β∑n ∆knln(λtn)/2] = exp[−βQ[ψ]/2]. Therefore,
the ratio of the transition probabilities is
P¯[ψ¯|b¯]
P[ψ|a] = e
−βQ[ψ]. (13)
If we set the initial states of the forward and backward
processes to thermal equilibrium states, we obtain the
detailed fluctuation theorem
P[ψ¯]
P[ψ] = e
−β(W [ψ]−∆F ), (14)
where ∆F = F (λT )−F (λ0) is the free-energy difference.
In this way, the detailed fluctuation theorem can be
derived in the absence of feedback control. However, in
the presence of feedback control, we have to manage the
measurement backaction. In the next section, we discuss
how to do it.
III. CONSTRUCTION OF BACKWARD
PROTOCOL UNDER FEEDBACK CONTROL
A. Protocol of feedback control
We introduce the protocol of discrete feedback con-
trol as schematically illustrated in Fig. 1 [38, 71], which
is a quantum analog of the protocol of the classical
discrete feedback control in Ref. [40]. At the level
of a single quantum trajectory, the entire process can
be described by the following five steps: (i) At the
initial time t = 0, we prepare a thermal equilib-
rium state ρ0 = exp[−β(H(λ0)− F (λ0))] with F (λ) =
−β−1 ln Tr[e−βH(λ)] being the free energy of the sys-
tem. Then, we perform a projective energy measure-
ment Π(λ0) to determine the initial energy Ea(λ0) and
the initial state |ψ0+〉 = |a(λ0)〉 of the system. (ii) Dur-
ing 0 < t < tm, we drive the system under a prescribed
protocol (λt, ht). Thus, the system evolves according to
Eq. (3) with the initial condition |ψ0+〉 = |a(λ0)〉. (iii)
At t = tm, we perform a measurement to extract in-
formation of the system. We denote a set of measure-
ment operators by MA = {Mα|α ∈ A}, which satisfy∑
αM
†
αMα = I. Then, the state of the system |ψt−m〉 just
before the measurement reduces to a post-measurement
(i) (ii) (iii) (iv) (v)
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FIG. 1. Schematic illustration of the forward and backward
quantum trajectories. In the forward process, we perform
measurements at t = 0, tm, and T . In the backward process,
we perform measurements at t = 0, t¯m, and T and post-
selection (PS) to cancel out the effect of the measurement
backaction in the forward protocol on the transition proba-
bility.
state |ψt+m〉 = Mα|ψt−m〉/||Mα|ψt−m〉|| with the probabil-
ity ||Mα|ψt−m〉||2. (iv) During tm < t < T , we drive
the system according to a protocol (λα,t, hα,t), which de-
pends on the measurement outcome α. (v) Finally, at
time t = T , we perform a projective energy measurement
Π(λα,T ) to determine the final energy Eb(λα,T ) and the
final state |ψT 〉 = |b(λα,T )〉 of the system.
Under the protocol of feedback control, we obtain the
joint probability distribution P[ψ, α] of the quantum
trajectory ψ and the measurement outcome α. From
P[ψ, α], we can calculate the marginal probability distri-
bution p(α) and the conditional probability distribution
P[ψ|α], both of which play crucial roles in the construc-
tion of the time-reversed protocol and the derivation of
the fluctuation theorem. It is noteworthy that the set
(ψ, α) has a one-to-one correspondence via Eq. (3) with
the following sequence
(a, (k1, l1, t1), · · · , (kNm , lNm , tNm), α,
(kNm+1, lNm+1, tNm+1), · · · , (kN , lN , tN ), b), (15)
where tn’s satisfy 0 < t1 < · · · < tNm < tm < tNm+1 <
· · · < tN < T . Thus, a quantum trajectory of the sys-
tem can be translated into a history of quantum jumps
and outcomes of the measurements at t = 0, tm, and
T . We note that, under this description, the heat can be
rewritten as
Q[ψ, α] =
∑
n
∆knln(λα,tn), (16)
where for simplicity we define λα,t := λt (
∀α ∈ A) for
t < tm. The work is given by
W [ψ, α] = Eb(λα,T )− Ea(λ0) +
∑
n
∆knln(λα,tn). (17)
5B. Backward protocol with post-selection
First of all, we have to fix the measurement outcome α
to construct the time-reversed process, since in the time-
reversed process the protocol λ¯α,t = λα,t¯ and h¯α,t = hα,t¯
before the measurement time (0 < t < t¯m) should depend
on the forward measurement outcome α. Therefore, for
the time-reversed process, we choose α according to the
probability distribution p(α) in the forward protocol. We
note that this is the standard procedure when we derive
the classical fluctuation theorem under feedback control
[40, 41].
Next, we discuss the quantum nature of our setup,
namely, the measurement backaction. In the presence
of feedback control, the transition amplitude for (ψ, α)
involves the term
U effα (tNm+1, tm)MαU
eff(tm, tNm). (18)
By taking the Hermitian conjugate, we obtain
T¯ exp
[
i
~
∫ tm
tNm
Heff†t dt
]
M†αT¯ exp
[
i
~
∫ tNm+1
tm
Heff†α,t dt
]
= Θ†U¯ eff(t¯N−Nm+1, t¯m)ΘM
†
αΘ
†U¯ effα (t¯m, t¯N−Nm)Θ. (19)
Therefore, we should perform the operation M¯α∗ :=
ΘM†αΘ
† at time t = t¯m in the backward process to cancel
out the effect of measurement backaction in forming the
ratio of the forward and backward transition probabili-
ties. Unfortunately, the operation ρ 7→ M¯α∗ρM¯†α∗ is not
a completely positive trace-preserving (CPTP) map, and
therefore we cannot realize it directly. Nevertheless, we
can realize M¯α∗ as one operator in the measurement set
MA¯α := {M¯α¯|α¯ ∈ A¯α} (see Ref. [71]). In other words,
we can construct MA¯α so that one of the measurement
operator in MA¯α coincides with M¯α∗ . Thus, we should
perform measurement in the backward protocol to deal
with the measurement backaction.
However, another problem arises when we perform the
measurement in the backward protocol. The operation
M¯α∗ does not preserve the norm. Moreover, operations
M¯α¯ with α¯ 6= α∗ are not required from a physical point of
view, since we can arbitrarily choose them as long as they
satisfy the condition M¯†α∗M¯α∗ +
∑
α¯6=α∗ M¯
†
α¯M¯α¯ = I. To
overcome these problems, we conduct post-selection and
discard the events with outcomes α¯ 6= α∗. This selective
evolution |ψ¯t¯−m〉 → |ψ¯t¯+m〉 = M¯α∗ |ψ¯t¯−m〉/||M¯α∗ |ψ¯t¯−m〉|| en-
sures the normalization of probability without unphysical
events.
Thus, the backward protocol conditioned on the for-
ward measurement outcome α is as follows. (i’) At
the initial time t = 0, we prepare a thermal equilib-
rium state ρ¯α,0 = exp[−β(H¯(λ¯α,0) − F (λ¯α,0))]. Then,
we perform a projective energy measurement Π(λ¯α,0)
to determine the initial energy Eb(λ¯α,0) and the initial
state |ψ¯0+〉 = |b¯(λ¯α,0)〉. (ii’) During 0 < t < t¯m, we
drive the system according to Eq. (9) with the time-
reversed protocol λ¯α,t and h¯α,t. (iii’) At t = t¯m, we
perform the measurement MA¯α on the state |ψ¯t¯−m〉 and
obtain the measurement outcome α¯. Then, we post-
select events with the measurement outcome α¯ = α∗.
Therefore, the state after this procedure is given by
|ψ¯t¯+m〉 = M¯α∗ |ψ¯t¯−m〉/||M¯α∗ |ψ¯t¯−m〉||. We emphasize that the
post-selection is crucial to treat the backaction of the
quantum measurement. We note that we cannot con-
duct post-selection when ||M¯α∗ |ψ¯t¯−m〉|| = 0. In this case,
we discard the measurement outcome α¯ instead of post-
selection. (iv’) During t¯m < t < T , we drive the system
according to λ¯t and h¯t. (v’) At time t = T , we perform
a projective energy measurement Π(λ¯T ) and determine
the final energy Ea(λ¯T ) and the final state |a¯(λ¯T )〉.
The joint probability distribution of (ψ¯, α¯) conditioned
by α is written as P¯[ψ¯, α¯|α]. By the post-selection, the
conditional probability of a quantum trajectory ψ¯ being
obtained reduces to
P¯[ψ¯|α] =

P¯[ψ¯, α¯ = α∗|α]
||M¯α∗ |ψ¯t¯−m〉||2
, (||M¯α∗ |ψ¯t¯−m〉|| 6= 0);∑
α¯
P¯[ψ¯, α¯|α]. (||M¯α∗ |ψ¯t¯−m〉|| = 0).
(20)
We note that Eq. (20) is normalized with respect to ψ¯,
which is why we introduce the post-selection in the time-
reversed process.
C. Detailed fluctuation theorem
Here, we utilize the time-reversed protocol to derive
the fluctuation theorem. By the construction of the back-
ward probability, we obtain
P¯[ψ¯, α¯ = α∗|α]
P[ψ, α] = e
−β(W [ψ,α]−∆Fα). (21)
Therefore, when ||M¯α∗ |ψ¯t¯−m〉|| 6= 0, we obtain the detailed
fluctuation theorem
P¯[ψ¯|α]
P[ψ|α] = e
−β(W [ψ,α]−∆Fα)−I[ψ,α], (22)
where we define the unaveraged relevant information gain
[71] by
I[ψ, α] = − ln p(α) + ln ||M¯α∗ |ψ¯t¯−m〉||2. (23)
We note that when ||M¯α∗ |ψ¯t¯−m〉|| = 0, the denominator of
the left-hand side of the detailed fluctuation theorem (22)
vanishes and therefore the fraction is ill-defined. The av-
eraged relevant information is defined by I(ρ : MX) :=
H(pMXρ ||pMXρu ) [74–76], where H(·|·) is the classical rela-
tive entropy, pMXρ represents the probability distribution
of the outcomes of the measurement MX on the state ρ,
and ρu is the maximally mixed state. Thus, the relevant
information I(ρ : MX) provides a measure of how distin-
guishable the state ρ is from the maximally mixed state
ρu with respect to the measurement MX . The average of
6the relevant information gain (23) gives change in the rel-
evant information upon the measurement MA, where the
relevant information is evaluated with respect to the sub-
sequent protocol during tm < t ≤ T , which is regarded as
an effective continuous measurement [71]. We note that
Eq. (22) has already been derived in Ref. [71]. The dif-
ference is that the backward process is explicitly derived
in this paper, while it is not in Ref. [71]. The construc-
tion of the backward process is essential for later physical
discussions.
We emphasize that the relevant information gain is
different from the QC-mutual information gain used
in the previous researches on feedback-controlled quan-
tum systems under the unitary evolution (see, e.g.,
Refs. [38, 45, 54]). To operationally achieve the QC-
mutual information gain, we have to invoke two rank-1
projective measurements just before and after the mea-
surement whose outcome is used for feedback control.
These additional projective measurements destroy quan-
tum coherence at the time of measurement. As a con-
sequence, we can describe the quantum system on the
basis of classical probability distributions. In contrast,
to operationally achieve the relevant information gain,
we do not have to invoke such additional measurements.
As a result, quantum coherence can be preserved upon
the measurement. Consequently, we can observe gen-
uinely quantum phenomena as in Sec. V, which cannot
be captured by the classical probability theory. We note
that the quantitative difference between the relevant in-
formation and the QC-mutual information is discussed in
Ref. [71].
IV. FLUCTUATION THEOREMS WITH
ABSOLUTE IRREVERSIBILITY
A. Absolute irreversibility
In ordinary situations, the detailed fluctuation the-
orem (22) leads to the integral fluctuation theorem
〈e−β(W−∆F )−I〉 = 1 [71] as in the classical case [41].
However, under measurement-based feedback control,
P[ψ|α] sometimes vanishes because quantum trajectories
incompatible with the measurement outcome are prohib-
ited. These trajectories come under a special class of ir-
reversibility which we refer to as absolute irreversibility,
because the corresponding thermodynamic irreversibil-
ity as represented by the left-hand side of Eq. (22) di-
verges. Here, we explain the general notion of absolute
irreversibility [52].
In the fluctuation theorem, we compare the forward
and backward probability measures and especially fo-
cus on their ratio. In measure theory in mathematics,
it is known that we can discuss the ratio only when a
condition called absolute continuity (see below) is sat-
isfied [77, 78]. Let M[·|α] and M¯[·|α] denote the for-
ward and backward measures conditioned by α. In or-
dinary situations (i.e., when both of them are abso-
lutely continuous with respect to the Lebesgue measure
Dψ), we can relate them with the probability density as
M[Dψ|α] = P[ψ|α]Dψ and M¯[Dψ¯|α] = P¯[ψ¯|α]Dψ¯. The
measure M¯[·|α] is said to be absolutely continuous with
respect to M[·|α] if for any set of paths Ψ
M[Ψ|α] = 0 ⇒ M¯[Ψ¯|α] = 0. (24)
Under this condition of absolute continuity, we can trans-
form the measure as
M¯[Dψ¯|α] = P¯[ψ¯|α]P[ψ|α]M[Dψ|α] (25)
by using the probability ratio, which can be rewritten
in terms of the entropy production and the information
gain.
However, absolute continuity does not always hold
especially under measurement-based feedback control.
When absolute continuity is not satisfied, we have to
decompose the backward probability measure into two
parts:
M¯[·|α] = M¯AC[·|α] + M¯S[·|α], (26)
where M¯AC[·|α] and M¯S[·|α] are absolutely continuous
and singular with respect to M[·|α], respectvely. This
decomposition is called the Lebesgue decomposition and
the uniqueness of the decomposition is mathematically
guaranteed by the Lebesgue decomposition theorem [77,
78]. For the absolutely continuous part, we can invoke
the Radon-Nikody´m theorem [77, 78] to transform the
measure as
M¯AC[Dψ¯|α] = P¯[ψ¯|α]P[ψ|α]M[Dψ|α]. (27)
In general, the singular part M¯S[·|α] may involve such
singular measures as the delta-function-like localization
and the Cantor measure. However, we restrict our-
selves to the simplest case of the singularity since it is
enough for the aim of this paper. The simplest singular-
ity emerges when the probability ratio on the right-hand
side of Eq. (27) diverges because the denominator van-
ishes and the numerator does not, i.e.,
P[ψ|α] = 0 & P¯[ψ¯|α] 6= 0. (28)
These trajectories are called absolutely irreversible since
they are not even stochastically reversible and conse-
quently the left-hand side of Eq. (22) diverges [52, 54]. It
is noteworthy that absolute irreversibility encompasses
such thermodynamically fundamental processes as free
expansion [52, 54], gas mixing [79], and spontaneous sym-
metry breaking in second-order phase transitions [80].
Moreover, under measurement-based feedback control,
absolute irreversibility naturally emerges because the
measurement precludes the possibility of those forward
trajectories that are incompatible with the measurement
outcome [52]. The correspondence between the classifi-
cation of irreversibility and that of probability measure
is summarized in Table I.
7B. Fluctuation theorems
Here, we derive the fluctuation theorems in the pres-
ence of absolute irreversibility. For the ordinary irre-
versible part, i.e. the absolutely continuous part, we use
the Radon-Nikody´m theorem (27) to derive the integral
fluctuation theorem:∫
M¯AC[Dψ¯|α] =
∫ P¯[ψ¯|α]
P[ψ|α]M[Dψ|α]
=
∫
e−β(W−∆F )−IM[Dψ|α]
= 〈e−β(W−∆F )−I |α〉, (29)
where 〈·|α〉 denotes the ensemble average conditioned by
the measurement outcome α. On the other hand, from
the normalization of probability measure, we have
1 =
∫
M¯AC[Dψ¯|α] +
∫
M¯S[Dψ¯|α]. (30)
As a result, we obtain the conditional integral fluctuation
theorem
〈e−β(W−∆F )−I |α〉 = 1− λ(α), (31)
where λ(α) is the absolutely irreversible probability de-
fined by
λ(α) =
∫
M¯S[Dψ¯|α]
=
∫
P[ψ|α]=0
DψP¯[ψ¯|α]. (32)
Thus, the absolutely irreversible probability is the sum
of the probabilities of the time-reversed trajectories that
TABLE I. Correspondence between the classification of irre-
versibility and that of probability measure. Here, irreversibil-
ity is classified into ordinary irreversibility and absolute ir-
reversibility. Ordinary irreversibility is characterized by the
absolute continuity of the probability measures and therefore
has a finite probability ratio (22). Consequently, the quantity
β(W − ∆F ) + I, which characterizes thermodynamic irre-
versibility under feedback control, is finite and well-defined.
In contrast, absolute irreversibility is characterized by the sin-
gularity of the probability measures and therefore the proba-
bility ratio diverges. As a result, β(W −∆F )+I is negatively
divergent.
Class of irreversibility Ordinary Absolute
Class of measure absolutely continuous singular
Probability ratio
P¯[ψ¯|α]
P[ψ|α] =finite
P¯[ψ¯|α]
0
=∞
Entropy-production- β(W −∆F ) + I β(W −∆F ) + I
like quantity =finite = −∞
have vanishing forward trajectories. We note that while
P¯[ψ¯|α] is not uniquely defined by Eq. (20) for the case of
||M¯α∗ |ψ¯t¯m〉|| = 0, λ(α) as the integral of P¯[ψ¯|α] can be
uniquely determined. By averaging Eq. (31) over α, we
obtain
〈e−β(W−∆F )−I〉 = 1− λ¯, (33)
where
λ¯ =
∑
α
p(α)λ(α) (34)
is the averaged absolutely irreversible probability. More-
over, if we define the unavailable information by Iu(α) =
− ln(1 − λ(α)) [53], which is the inevitable loss of infor-
mation due to absolute irreversibility, we obtain
〈e−β(W−∆F )−(I−Iu)〉 = 1. (35)
Thus, the fluctuation theorems have been derived in the
presence of absolute irreversibility.
From Eq. (33) and Jensen’s inequality, we obtain
−β〈W 〉 ≤ −β∆F + 〈I〉+ ln(1− λ¯). (36)
Since ln(1− λ¯) ≤ 0, this inequality gives a tighter bound
for work extraction than the conventional second law of
information thermodynamics:
− β〈W 〉 ≤ −β∆F + 〈I〉. (37)
Thus, absolute irreversibility quantifies how much work
extraction capability is reduced. Applying Jensen’s in-
equality to Eq. (35), we obtain
−β〈W 〉 ≤ −β∆F + 〈I − Iu〉. (38)
This inequality gives an even tighter bound on work ex-
traction than Eq. (36) because the concavity of the log-
arithmic function guarantees 〈ln(1− λ(α))〉 ≤ ln(1− λ¯).
We note that the relevant information is expected to give
a tighter bound than the QC-mutual information. This
is because, unlike the QC-mutual information, the rele-
vant information is protocol-dependent and even takes a
negative value if we choose a bad feedback protocol [71].
However, there is no general magnitude relation between
the relevant information and the QC-mutual information
[71].
V. INTERPLAY BETWEEN QUANTUM
COHERENCE AND ABSOLUTE
IRREVERSIBILITY
A. Suppression of absolute irreversibility by
quantum coherence
In previous studies [52, 54], a projective (error-free)
measurement, in general, causes absolute irreversibility.
However, absolute irreversibility can be suppressed in
8quantum stochastic thermodynamics even under a pro-
jective measurement. Here, we show that this difference
is a consequence of quantum superposition.
In quantum stochastic thermodynamics, quantum su-
perposition, in general, suppresses absolute irreversibility
even in the presence of a projective measurement. Sup-
pose that every off-diagonal element of a driving Hamilto-
nian with respect to the eigenspace of the projective mea-
surement is nonzero. Then, the post-measurement state
immediately spreads over the entire Hilbert space due to
the time evolution of this Hamiltonian. Therefore, all
types of quantum jumps are allowed after the projective
measurement. Thus, we see that there are no trajectories
with vanishing probability in the forward process. We
note that the condition that every off-diagonal element
is nonzero is a sufficient condition for the suppression of
absolute irreversibility.
To be specific, suppose that we perform a projective
energy measurement on a two-level system with states e
and g, and then coherently drive the system according to
the outcome. Classically, the jump e → g is prohibited
just after we observe the state g. However, under quan-
tum coherent driving with nonzero off-diagonal elements
with respect to the energy eigenbasis, the jump e→ g can
occur immediately after the observation of g, because the
coherent driving instantaneously brings the state into a
superposition of e and g. Similarly, the quantum jump
g → e can occur immediately after the observation of
e. We call these phenomena quantum rare events. Thus,
even immediately after the projective measurement, both
jumps are allowed thanks to the quantum rare events.
This is why the fluctuation theorem (33) with λ¯ = 0 is
valid even in the presence of the projective measurement
as numerically demonstrated in Ref. [71]. We note that
I[ψ, α] takes on very large negative values for quantum
rare events [71].
B. Emergence of absolute irreversibility in the
absence of quantum coherence
We have seen that coherent driving plays a crucial role
in suppressing absolute irreversibility. However, incoher-
ent driving immediately after the measurement, in gen-
eral, gives rise to absolute irreversibility.
As a typical example, we consider a case in which the
feedback process is delayed for time tde. At time t = tm,
we perform a projective energy measurement and obtain
an outcome α. During tm < t < tm + tde, the system
evolves under its bare Hamiltonian. At t = tm + tde,
we start a coherent driving based on the measurement
outcome. In this forward protocol, the first jump during
tm < t < tm + tde must be a jump from the state α,
and other jumps are prohibited. In contrast, in the time-
reversed protocol, there are no such restrictions. As a
consequence, there exists quantum trajectories satisfying
the singularity condition (28), and hence we have the
fluctuation theorem (33) with nonvanishing λ¯. Thus, the
suppression of quantum coherence due to time delay gives
rise to absolute irreversibility.
We will revisit the two-level system with the projec-
tive energy measurement discussed in Sec. V A. When
we observe the state g at t = tm, the first jump dur-
ing tm < t < tm + tde cannot be e → g. This is be-
cause the free Hamiltonian does not mix different en-
ergy eigenstates and therefore the observed state stays
the same until the first jump occurs. As a result, quan-
tum trajectories ψ with α = g, kNm+1 = e, lNm+1 = g
and tm < tNm+1 < tm + tde have vanishing probabil-
ity. In contrast, in the backward protocol, quantum tra-
jectories ψ¯ with α∗ = g, k¯N−Nm = g, l¯N−Nm = e and
t¯m − tde < t¯N−Nm < t¯m is possible. Therefore, these
trajectories ψ are absolutely irreversible. Thus, under
the projective measurement and feedback control with
time delay, absolute irreversibility arises, which we nu-
merically demonstrate in the next section.
We can interpret the emergence of absolute irreversibil-
ity in terms of the information gain. Under coherent driv-
ing, quantum rare events arise, although their probability
may be extremely small. As a consequence, the informa-
tion gain takes on a very large negative value. However,
when we do not have quantum coherence, the probability
of such events is exactly zero and therefore the informa-
tion gain negatively diverges I → −∞. This singularity
renders the fluctuation theorem (33) with λ¯ = 0 inappli-
cable and leads to non-vanishing λ¯.
C. Numerical vindication
We demonstrate the emergence of absolute irreversibil-
ity in a two-level system by numerical simulations. The
time-evolution equation of the two-level system is given
by
ρ˙t =− i
2
[ωtσz + θ(t− tde)σx cosωdt, ρt]
+
∑
j=±
γj(ωt)D[σj ]ρt, (39)
where we introduce a delay time tde in the Heaviside
step function θ(·). We drive the energy gap ωt linearly
as ωt = ω0 + ∆ωt/T . The heat bath is assumed to have
an Ohmic spectrum, and therefore the jump rates are
given by γ±(ω) = κω[coth(β~ω/2) ∓ 1]/2 which satisfy
the detailed balance condition (2).
To realize a feedback protocol, we prepare a thermal
equilibrium state with the inverse temperature β under
the inclusive Hamiltonian H(ω) = ~ωσz/2. Then, we
immediately perform the projective energy measurement
to obtain an outcome α = g or e. Thus, we set tm = 0
in this protocol. According to the outcome, we change
the strength α of the exclusive driving hα,t = ~αθ(t −
tde)σx cosωdt/2. To extract more work, when we obtain
the outcome g, we should decrease g to suppress the
upward jump, which contributes to a negative extracted
work. In contrast, when we obtain the outcome e, we
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FIG. 2. Examples of quantum trajectories. The abscissa rep-
resents time and the ordinate shows the exited-state fidelity.
The forward measurement outcome is fixed as α = g. (a)
An example of quantum rare events. In the forward process,
the system jumps downward at t = t1 and t2. This is coun-
terintuitive because for downward jumps to occur the system
must be in the excited state, but the probability of the sys-
tem remaining in the excited state is rather small. By these
jumps, the forward and backward trajectories show very dif-
ferent behavior in the excited-state fidelity |〈e|ψt〉|2. As a con-
sequence of these quantum rare events, the probability that
the final state of the backward process is found to be in the
ground state becomes very small, and the relevant informa-
tion gain (23) takes a large negative value. (b) An example
of absolutely irreversible events. In this backward process,
the last jump of the system at t = t¯′2 is upward. However, in
the forward process, the system cannot experience the reverse
(i.e., downward) jump because it starts from the ground state
and coherent driving is absent. This backward event causes
absolute irreversibility because it has no counterpart in the
forward process.
should increase e. Therefore, to perform an efficient
feedback control, we should set g < e.
We conduct Monte Carlo simulations based on the
stochastic wave function approach [69, 71] to numerically
verify the fluctuation theorems with absolute irreversibil-
ity. We generate quantum trajectories and record their
thermodynamic quantities and information gain.
Figure 2 (a) illustrates quantum rare events when the
system is initially found to be in the ground state α = g.
Then, the system undergoes two downward jumps, al-
though the excited-state fidelity is small. We note that
in the absence of quantum coherent driving after t =
tm = 0, the first jump must be upward. Thus, these
events are quantum rare events caused by quantum co-
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FIG. 3. Probability density function (PDF) of the rele-
vant information gain for the varying delay time tde. With
larger tde, the probability distribution becomes sharper be-
cause quantum coherent effects are suppressed. (Inset) Prob-
ability distribution of the relevant information, which is con-
stituted of a set of δ−functions in terms of the probability
density.
herence. We note that the forward and backward events
look very different with respect to the excited-state fi-
delity. As a result, the probability ||M¯g∗ |ψ¯¯t−m〉||2 that the
system is found to be in the ground state upon the back-
ward measurement is small. Consequently, the relevant
information gain (23) takes a large negative value and
therefore quantum rare events significantly contribute to
the average in the fluctuation theorem.
Figure 2 (b) shows an absolutely irreversible event in
the backward process. This event ends up with the up-
ward jump during 0 < t < tde. However, in the forward
process, the downward jump is prohibited as the first
jump of the system during 0 < t < tde after the system
is found to be in the ground state. Thus, the event does
not have the corresponding event in the forward process,
which means that it is absolutely irreversible. To calcu-
late the absolutely irreversible probability λ(α), we ac-
cumulate the probability of these events in the backward
process.
By the Monte Carlo simulations, we can obtain the
probability distribution function of work and information
gain. Figure 3 shows the probability density functions of
the relevant information gain. With a smaller delay time,
the probability distribution is broader due to quantum
coherence. With a larger delay time, the distribution is
sharper because quantum coherence is suppressed.
Using the probability density functions of W + β−1I,
we can calculate the average in the fluctuation theorems.
In Fig. 4 (a), we verify the fluctuation theorem (33) by
varying the delay time tde. The blue and purple dots are
obtained by calculation of the left-hand sides of the fluc-
tuation theorem. The red curve shows the value of 1− λ¯
calculated from the definition (32). The deviation of this
quantity from unity indicates the emergence of absolute
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FIG. 4. Numerical test of the fluctuation theorems with
absolute irreversibility against variations of the delay time td.
(a) Verification of the fluctuation theorem (33). The blue
dots show the values of 〈e−β(W−∆F )−I〉 which are numeri-
cally calculated by the stochastic wave-function method. The
red curve is the value of 1 − λ¯ evaluated from the path in-
tegral (32). (Inset) Comparison between the quantum and
classical cases. The red solid (dashed) curve is the value of
1− λ¯ in the presence (absence) of quantum coherent driving.
(b) Verification of the fluctuation theorem with unavailable
information (35). For each tde, we sample 2 × 107 trajecto-
ries. The duration of the numerical simulations is set to be
T = 2000 and tde is varied over the range of [0, 1000]. The
parameters of the feedback protocol are set to be ωd = 0.1pi,
ω0 = 0.3, ∆ω = 0.1, g = 0.002 and e = 0.008. The parame-
ters of the heat bath are chosen to be β = 5 and κ = 0.001.
irreversibility in the absence of quantum coherent driv-
ing. We find that they agree within the error bars which
increase as tde increases.
The inset of Fig. 4 (a) compares the value of 1− λ¯ (red
solid curve) with that in the classical case (red dashed
line). Here, by the classical case, we mean the situation
where the off-diagonal Hamiltonian in Eq. (39) propor-
tional to σx vanishes. This dynamics is equivalent to
the one where we couple the system with an environ-
ment with infinitely large phase decoherence while keep-
ing the original non-diagonal Hamiltonian. The differ-
ence between the curve and the dashed line indicates the
thermodynamic benefit of quantum coherent driving af-
ter t = tde.
Moreover, we verify the validity of the generalized fluc-
tuation theorem (35) as shown in Fig 4 (b). We again
1-λ
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FIG. 5. A typical convergent behavior of the left-hand side of
the fluctuation theorem (33) for tde = 200. The abscissa rep-
resents the accumulated number of samples and the ordinate
shows the numerically calculated average of the exponential
function in the angle brackets in Eq. (33). We see that the
average undergoes sudden increases. This behavior implies
that sampling quantum rare events with large negative I and
therefore with large e−β(W−∆F )−I is crucial for the conver-
gence.
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FIG. 6. Effects of decoherence due to the heat bath. The
curves represent the numerically calculated values of 1 − λ¯
against the delay time tde for different values of κ, which
quantifies the strength of the system-bath interaction. The
parameters are set as in the caption of Fig. 4 except κ.
observe an increase of errors as the delay time increases.
To understand the increase of the errors, we note that
the system tends to behave more classically for larger tde.
In the classical limit, the information gain I negatively
diverges for quantum rare events. Therefore, with large
tde, I takes on a large negative value. This large negative
value contributes to the left-hand side of Eq. (31) signif-
icantly, although its probability is extremely small. In
Fig. 5, the numerically obtained average 〈e−β(W−∆F )−I〉
with N sample trajectories is shown. We observe that the
average suddenly increases several times before it con-
verges. This behavior implies that quantum rare events
with large negative I and large positive e−β(W−∆F )−I
play a vital role for the convergence of the average.
Therefore, the convergence tends to be slower and slower
as the delay time increases, implying larger statistical
error (see Fig. 4).
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Finally, we discuss how decoherence due to the heat
bath affects the degree of absolute irreversibility. In
Fig. 6, we change the strength of the interaction between
the system and the heat bath denoted by κ and plot 1−λ¯
against the delay time tde. We see that, as κ increases,
the degree of absolute irreversibility also increases for a
given tde. Thus, a larger decoherence due to the heat
bath causes a greater thermodynamic disadvantage as the
increasing degree of absolute irreversibility in the fluctu-
ation theorem.
VI. TOWARDS EXPERIMENTAL
REALIZATION
A. Sequence of small systems as an environment
To implement quantum stochastic thermodynamics,
we should record quantum jumps by monitoring the en-
vironment. However, this monitoring is difficult when
the environment is infinitely large. This difficulty can be
overcome if we consider a situation in which an environ-
ment can be modeled as a collection of small systems
interacting sequentially with a system of our interest;
we call each of the small systems an environment [70].
Specifically, we prepare each environment in a canonical
distribution with inverse temperature β, and perform the
projective energy measurement on it to find the initial
energy of the environment. Then, we let the environ-
ment interact with the system during a time interval τ .
After the interaction is switched off, we again perform
the projective energy measurement on the environment
to find the final energy of the environment. We repeat
this procedure for a sequence of identically prepared en-
vironments. Based on this procedure, we can evaluate
the heat flow from the system to the environment by ac-
cumulating the energy increment of each environment.
By constructing the environment in this way instead of
invoking an infinite environment, we can circumvent the
conceptual and practical difficulty in evaluating heat on
the basis of the two-point energy measurement on the
infinite reservoir [27, 28].
A prototypical example is a cavity QED system as
schematically illustrated in Fig. 7. Here, two-level atoms,
which are regarded as environments, are sequentially in-
jected through the cavity and interact with the photon
field during a time interval τ . This example has been
theoretically studied in Refs. [81, 82] and experimentally
realized in Refs. [83, 84]. In this setup, by taking the
limit of continuous injection τ → 0 and assuming an
appropriate condition for the coupling strength between
the system and an environment, we can confirm that the
time evolution of the system is governed by the Lindblad
equation (1) as described in detail in Ref. [70].
FIG. 7. Schematic illustration of a cavity QED system as a
model for quantum stochastic thermodynamics. The photon
field in the cavity is the system and a sequence of two-level
atoms, which are injected through the cavity, play the role
of environments for the system. To determine the energy in-
crement of each individual environment, we perform energy
projective measurements on each atom before and after injec-
tion.
B. Implementation in a circuit QED system
The second example is a circuit QED system [85]. We
consider a setup consisting of three cavities and two su-
perconducting qubits as illustrated in Fig. 8 (a). The
middle cavity with a resonant frequency ωs, which we
shall henceforth refer to as the “system,” has a long life-
time τs. We engineer the “environment” by the right
qubit with a transition frequency ωe and the coupling
strength gse. We assume that the environment is nearly
resonant to the system; |ωe−ωs|  gse and therefore en-
ergy exchanges occur between them. We note that this
environmental qubit corresponds to the two-level atoms
in Fig. 7. The left qubit with a resonant frequency ωa is
an “ancilla” to realize the non-demolition measurement
of the photon-number state of the system [86]. The cou-
pling strength with the system gsa is assumed to be in the
dispersive regime |ωs − ωa|  gsa. The leftmost (right-
most) cavity with resonant frequency ωr1(2) couples to
the adjacent ancilla (environment) qubit dispersively as
|ωa − ωr1|  gar1 (|ωe − ωr2|  ger2), and is utilized
for fast readout of the ancilla (environment) qubit states
[87].
To clarify the role of the dispersive regime, we here
restrict our attention to the qubit with a resonant fre-
quency ωq and the cavity with a resonant frequency
ωc as depicted in Fig. 8 (b). The dispersive regime
refers to the situation where the qubit-cavity detuning
∆ is much larger than the coupling strength g, i.e.,
|∆| := |ωq − ωc|  g. Therefore, we may assume that
there are no real energy exchanges between the qubit and
the cavity. Up to the second order in g/∆ ( 1), the ef-
fective Hamiltonian reads
H = ~ωc(a†a+ 1/2) +~ωqσz/2 +~χ(a†a+ 1/2)σz, (40)
where a is the mode of the cavity and σz is the pseudo-
spin operator of the qubit; we define the dispersive shift
χ = g2/∆. The third term on the right-hand side of Eq.
(40) shifts the cavity frequency depending on the state of
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FIG. 8. Schematic illustrations of experimental setups. (a)
Proposed experimental setup consisting of three cavities and
two superconducting qubits. The middle cavity is the system
of our interest. The environment is engineered by the envi-
ronmental qubit, which is resonantly coupled to the system
cavity. The ancilla qubit, which is dispersively coupled to the
system cavity, is utilized for the energy projective measure-
ment on the system cavity. The cavities at both ends are for
the energy projective measurement on the adjacent qubits.
(b) A pair of a dispersively coupled qubit and cavity. By the
dispersive shift in Eq. (40), quantum non-demolition measure-
ment on the qubit (cavity) can be realized by the projective
measurement on the cavity (qubit).
an atom, and also shifts the frequency of an atomic fre-
quency depending on the photon number in the cavity.
The interaction term commutes with the bare Hamilto-
nians of both the atom and the cavity, and therefore the
quantum non-demolition measurement can be achieved
by this interaction.
To verify the fluctuation theorems in this scheme, we
need (1) engineering of an environment by the environ-
mental qubit and (2) the projective energy measurement
on the system. Furthermore, the component (1) can be
divided into (1-a) the projective measurement on the en-
vironment and (1-b) fast preparation of a thermal state
of the environment. In the following, we discuss how to
realize each part.
(1-a) Due to the dispersive coupling between the en-
vironmental qubit and the rightmost readout cavity, the
resonant frequency of the readout cavity shifts by χσz.
Therefore, by measuring a phase shift of a microwave
pulse reflected by the cavity, we can perform the energy
projective measurement on the environmental qubit.
(1-b) We inject a pulse at frequency ωe with a fixed
width via the rightmost reservoir and coherently rotate
the state of the environmental qubit. Then, we remove
the off-diagonal elements of the density operator of the
environment by performing the projective measurement
of the energy of the environmental qubit. The fraction
of the environmental qubit being excited determines the
temperature of the engineered environment.
(2) First, we measure a phase shift of a microwave
pulse reflected by the leftmost readout cavity. Then, we
repeatedly inject pi-pulses at frequency ωa + χsa(2n +
1) (n = 0, 1, · · · ) and measure the phase shift. When it
is different from the initial phase shift, n is the photon
number of the system.
With these technologies, we can conduct the feedback
protocol introduced in Sec. III A. (i) First, we prepare the
system in a thermal equilibrium. Then, we perform the
initial projective energy measurement on the system. (ii)
We prepare the environment in the thermal equilibrium
at the same temperature. We then perform the projective
measurement on the environment. We let the system and
the environment interact with each other during a short
time interval τ . After the interaction, we perform the en-
ergy projective measurement on the environment. When
the outcomes of the measurements before and after the
interaction differ, we record that a quantum jump occurs
at this time. The prescribed driving of the system can be
injection of microwaves and/or change of the energy gap
of the qubit [88]. (iii) The projective energy measure-
ment is performed on the system. We conduct different
feedback controls on the system depending on the mea-
surement outcomes. Absolute irreversibility is expected
to emerge when we apply a coherent driving after a non-
vanishing delay time. (iv) We resume the engineering of
the environment. How to drive the system depends on
the measurement outcome. (v) The final projective en-
ergy measurement is performed on the system. With all
these procedures, we can experimentally verify the fluc-
tuation theorems.
In practice, the fact that the dimension of the sys-
tem’s Hilbert space is infinite can be problematic because
it drastically increases the number of possible quantum
trajectories and prevents convergence of the ensemble av-
erage. This is the reason why we use the two-level qubit,
rather than the harmonic oscillator, for numerical simu-
lations. Therefore, it is preferable that we use the qubit
as a system. This can be achieved in our proposed setup;
we can block the second excited state and confine the
system’s Hilbert space to the two levels. We can do so
by coupling an additional dispersive qubit (not shown in
the figure) to the system cavity and dynamically shift-
ing the energy of the second excited state by the Rabi
coupling [89].
VII. CONCLUSIONS
We have shown that quantum coherence can mani-
fest its thermodynamic effects in the fluctuation theorem.
While quantum information theory has revealed intrigu-
ing thermodynamic properties of quantum coherence, the
statistical-mechanical formulation of quantum thermody-
namics by the fluctuation theorem has previously pro-
vided little insight on quantum coherence. In this sense,
our study gives a complementary view of thermodynamic
properties of quantum coherence. Moreover, in contrast
to the resource-theoretic approach, ours gives the defini-
tion of work with clear operational meanings and there-
fore has immediate relevance to state-of-the-art experi-
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ments. Furthermore, our formulation gives a trajectory-
level description of thermodynamics of open quantum
systems and is applicable even under measurement-based
feedback control.
Specifically, we develop theory of stochastic thermody-
namics in open quantum systems under feedback control.
The open quantum system obeys the Lindblad equation,
which can be unraveled into a stochastic Schro¨dinger
equation. We define stochastic thermodynamic quanti-
ties along individual quantum trajectories. We introduce
the time-reversed process since it is convenient for the
derivation of the fluctuation theorem.
In terms of quantum trajectories, we introduce the
measurement-based feedback protocol. The quantum
path under this protocol is completely characterized by
the initial and final quantum numbers, the measurement
outcome and the history of quantum jumps. We intro-
duce the time-reversed dynamics to derive the fluctua-
tion theorem. To cancel out the backaction of the mea-
surement in the original process, we should perform a
non-CPTP operation in the time-reversed process. To
circumvent this problem, both measurement and post-
selection are needed in the time-reversed protocol. This
construction makes stark contrast to the classical case,
where neither of them is needed in the time-reversed pro-
tocol. Based on the explicit construction of the time-
reversed protocol, we derive the detailed fluctuation the-
orem in the presence of absolute irreversibility.
To derive the integral fluctuation theorems, we should
take account of absolute irreversibility. Absolute irre-
versibility refers to singularly irreversible situations with
divergent entropy-production-like quantity, and typically
emerges when the forward paths are restricted by the con-
sistency with the measurement outcome. The derived in-
tegral fluctuation theorems with absolute irreversibility
give tighter inequalities than the conventional second law
of information thermodynamics.
Based on the derived fluctuation theorems, we consider
the interplay between quantum coherence and absolute
irreversibility. Absolute irreversibility is suppressed by
quantum coherence, which spreads the state onto the en-
tire Hilbert space even just after the projective measure-
ment. Conversely, absolute irreversibility emerges in the
absence of quantum coherence. To demonstrate these
effects, we consider a practical situation with direct rele-
vance to experiments, i.e., an open quantum system un-
der time-delayed feedback control. We numerically in-
vestigate the qubit system under time-delayed feedback
control and verify the fluctuation theorem with absolute
irreversibility. We show how absolute irreversibility due
to an experimental delay time characterizes thermody-
namic operations in a practical situation. We also find
that the quantum rare events prevent the convergence of
the statistical average in the fluctuation theorem.
Finally, we have considered possible experimental im-
plementations of quantum stochastic thermodynamics.
Experimentally, it is convenient to realize the heat bath
as a sequence of small systems such as two-level systems.
We propose a setup in a circuit QED system, where we
repeatedly initialize a superconducting qubit to model
the heat bath.
Note added.— Recently, two papers [90, 91] appeared
and discussed the role of coherence in dissipated work
and entropy production in isolated and open quantum
systems. It is found that the averaged irreversible work
or entropy production can be decomposed into two parts
relevant to the generation of coherence and the change
of population in energy eigenstates. Although those two
papers are irrelevant to feedback control or absolute irre-
versibility, the notion of coherence therein is also related
to nonzero off-diagonal components in the basis of pro-
jective measurements. It is an intriguing issue to general-
ize the formalism in Refs. [90, 91] to feedback-controlled
processes and to study whether and, if yes, how absolute
irreversibility is related to the coherence-relevant entropy
production.
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